Introduction {#Sec1}
============

Theorem 1.1 {#FPar1}
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In fact, in Section [4](#Sec7){ref-type="sec"} we will state and prove a slightly stronger result.
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Remark 1.4 {#FPar4}
----------
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An immediate consequence of Remark [1.4](#FPar4){ref-type="sec"} (and the fact that one can pick a Möbius diffeomorphism mapping an arbitrary point to the origin) is that to control the supremum of $\documentclass[12pt]{minimal}
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Remark 1.7 {#FPar7}
----------

To see that Theorem [1.1](#FPar1){ref-type="sec"} is sharp, consider the so-called cigar soliton flow metric defined on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^2$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{u}(\mathbf{{x}},t)=\frac{1}{e^{4t}+|\mathbf{{x}}|^2}, \end{aligned}$$\end{document}$$which solves ([1.1](#Equ1){ref-type=""}). This is a so-called steady soliton, meaning that the metric at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$ is isometric to the metric at any other time *t* (here via the diffeomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{{x}}\mapsto e^{2t}\mathbf{{x}}$$\end{document}$). Geometrically, the metric looks somewhat like an infinite half cylinder with the end capped off. It is more convenient to consider the scaled version of this solution given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(\mathbf{{x}},t)=\frac{4}{\log (\mu ^{-1}+1)\left[ (1+\mu )^t\mu ^{1-t}+|\mathbf{{x}}|^2\right] }, \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu >0$$\end{document}$ small. The scaling is chosen here so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u_0\Vert _{L^1(B)}=4\pi $$\end{document}$, and thus Theorem [1.1](#FPar1){ref-type="sec"} tells us that if we wait until time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=1+\delta $$\end{document}$, then we obtain a bound on *u*(0, *t*) (for example) that only depends on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$, and not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$. However, we see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(0,1-\delta )=\frac{4}{\log (\mu ^{-1}+1)(1+\mu )^{1-\delta }\mu ^{\delta }}\rightarrow \infty , \end{aligned}$$\end{document}$$as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \downarrow 0$$\end{document}$, for fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta >0$$\end{document}$ (however small), so no such upper bound is available just *before* the special time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=1$$\end{document}$.
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Remark 1.8 {#FPar8}
----------

In \[[@CR12]\], we apply Theorem [1.3](#FPar3){ref-type="sec"} to give the sharp asymptotics of the conformal factor of the contracting cusp Ricci flow as constructed in \[[@CR10]\]. As a result, we obtain the sharp decay rate for the curvature as conjectured in \[[@CR10]\].

Proof of the Main Theorem {#Sec2}
=========================

In this section, we prove Theorem [1.3](#FPar3){ref-type="sec"}, which implies Theorem [1.1](#FPar1){ref-type="sec"} as we have seen. The proof will involve considering a potential that is an inverse Laplacian of the solution *u*. Note that this is different from the potential considered by Hamilton and others in this context, which is an inverse Laplacian of the curvature. Indeed, the curvature arises from the potential we consider by application of a *fourth* order operator. Nevertheless, our potential can be related to the potential considered in Kähler geometry. Our approach is particularly close to that of \[[@CR7]\], from which the main principles of this proof are derived. In contrast to that work, however, our result is purely local, and will equally well apply to noncompact Ricci flows.

The main inspiration leading to the statement of Theorem [1.1](#FPar1){ref-type="sec"} was provided by the examples constructed by the first author and Giesen \[[@CR5], [@CR6]\].

Reduction of the Problem {#Sec3}
------------------------
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### Claim 1 {#FPar9}
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What is a little less clear is:

### Claim 2 {#FPar11}
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### Proof of Claim 2 {#FPar12}
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Thus our task is reduced to proving that Assertion $\documentclass[12pt]{minimal}
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The Potential Function and the Differential Harnack Estimate {#Sec4}
------------------------------------------------------------

To prove Proposition [2.2](#FPar14){ref-type="sec"}, we consider a potential function that will be constructed using the following lemma, which will be proved in Section [3](#Sec6){ref-type="sec"} along with other technical aspects of the proof.

### Lemma 2.3 {#FPar15}

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0:B\rightarrow (0,\infty )$$\end{document}$ is smooth, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0\ge h$$\end{document}$ and with equality outside a compact set in *B*, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v:B\times [0,\infty )\rightarrow (0,\infty )$$\end{document}$ be the unique complete solution to the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _tv=\Delta \log v$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v(0)=v_0$$\end{document}$. Then there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in C^\infty (B\times [0,\infty ))\cap C^0(\overline{B}\times [0,\infty ))$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\ge 0$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}[]{l} \triangle \psi (t) = v(t) - (2t+1) h \\ \psi (t)|_{\partial B}=0 \end{array} \right. \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \partial _t\psi = \log v - \log h -\log (2t+1). \end{aligned}$$\end{document}$$
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### Lemma 2.4 {#FPar16}
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### Remark 2.5 {#FPar17}
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We end this section by noting the consequences of the Harnack Lemma [2.4](#FPar16){ref-type="sec"} for *v*. Only the first, simpler, estimate will be required, but it will be required twice.
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Exponential Integrability {#Sec5}
-------------------------
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Proofs of Lemmas {#Sec6}
================
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Assuming for the moment that Lemma [3.1](#FPar20){ref-type="sec"} is true, we give a proof of Lemma [2.3](#FPar15){ref-type="sec"}.

Proof {#FPar21}
-----
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Proof of Lemma 3.1 {#FPar22}
------------------
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We now prove the Harnack Lemma [2.4](#FPar16){ref-type="sec"}, but first we need to carefully state an appropriate maximum principle, which follows (for example) from the much more general \[[@CR2], Theorem 12.22\] using the Bishop-Gromov volume comparison theorem.

Theorem 3.2 {#FPar23}
-----------
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Suppose *f*(*x*, *t*) is a smooth function defined on $\documentclass[12pt]{minimal}
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Proof of Lemma 2.4 {#FPar24}
------------------

Direct computation using ([2.12](#Equ15){ref-type=""}), ([2.10](#Equ13){ref-type=""}) and ([2.11](#Equ14){ref-type=""}) shows that$$\documentclass[12pt]{minimal}
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Let *g*(*t*) be the family of smooth metrics corresponding to *v*(*t*). Since we know the curvature of *g*(*t*) is bounded, it satisfies the assumptions in Theorem [3.2](#FPar23){ref-type="sec"}. Moreover, as discussed in Remark [2.5](#FPar17){ref-type="sec"}, $\documentclass[12pt]{minimal}
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====================================================================================

In this section, we prove the following result that implies Theorem [1.2](#FPar2){ref-type="sec"} by setting $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar25}
-----------
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Proof {#FPar26}
-----
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We abuse terminology occasionally by referring to the function *h* itself as the hyperbolic metric.
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